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Abstract 
Carbon Nanotubes (CNT) due to their excellent mechanical, thermal and electrical properties to the best carbon 
fibres, have attracted composite fraternity to explore the possibility of using them as an additional reinforcement in 
carbon fibre reinforced polymer composites. In this paper, the effect on elastic modulus due to CNT reinforcement 
on exiting two phase polymer composite is studied using both finite element analysis and rule of mixture theory. 
The carbon nanotubes are modelled as continuum hollow cylindrical shape elastic material and mechanical property 
of CNT reinforced nanocomposites have been investigated using 3D represented volume Element. The matrix 
materials have been epoxy and PEEK whereas carbon fibres and glass fibres have been used as primary 
reinforcements. The mechanical properties have been evaluated for different volume fractions of CNTs and for 
different configuration of matrix and fibres.  
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1. Introduction 
CNTs possess exceptionally high stiffness, strength and resilience, as well as superior electrical and thermal 
properties, which makes it the ultimate reinforcing material for the nanocomposites (Li and Chou, 2003; Tu et. al., 
2002; Sun and Zhao, 2005). After the discovery by Iijima (1991), carbon nanotubes have been employed in many 
diverse areas of applications such as medical, aerospace & defence. The mechanical load carrying capacities of 
CNTs in nanocomposites have also   been demonstrated by experiments (Schadler et. al., 1998). Carbon fibres 
reinforcements have high strength, light weight, high-performance and are excellent load-bearing reinforcements in 
composites (Allaouia et. al., 2002). The two phase Epoxy carbon composites have extensively used in aerospace 
application in last few decades (Kurahatti et. al., 2010). Similarly carbon fibre in PEEK matrix is found applications 
in space systems. However, Carbon nanotube, due to their excellent mechanical, thermal and electrical properties, 
has generated lot of interest in composite fraternity to use it as an additional reinforcement. The resultant composite 
will be three phase composite with higher strength and stiffness. Nanotubes will play the role of matrix additives, 
providing multifunctional properties to the composite (Mukhopadhyay et. al., 2008). The polymer based composites 
have been found most suitable for additional reinforcement with CNT (Bal and Samal, 2007; Coleman et. al., 2006). 
However large volume fraction (>5%) is difficult to achieve due to rapidly increasing viscosity and subsequent 
processing difficulties. 
 There are at least three general experimental methods to produce polymer nanocomposites: mixing in the liquid 
state, solution mediated processes and in situ polymerisation techniques (Khare and Bose, 2005). The direct melt 
blending approach is much more commercially attractive than the latter two methods, as both solvent processing and 
in situ polymerisation are less versatile and more environmentally contentious. Thermosetting epoxies have found a 
widespread use in applications ranging from household glues to high-performance composites. When using 
thermosetting matrices, as received nanotubes are often directly mixed with the liquid matrix precursors. Mechanical 
mixing can be aided by ultrasonication and vacuum-assisted processing is often applied to ensure defect-free 
composite samples for mechanical testing. Chemically treated nanotubes are often first dispersed in solvents to 
which the epoxy is added. It has been experimentally found that fracture toughness and mechanical properties of 
carbon epoxy composites can be significantly improved with addition of carbon nanotubes (Srikanth et. al., 2012).   
The present work focuses on evaluation of mechanical properties of three phase polymer composite for different 
volume fraction of CNTs. The matrix material has been taken as epoxy and PEEK whereas carbon fibre and glass 
fibre is taken as primary reinforcements. The concept of unit cells or representative volume elements (RVEs) has 
been applied to study of the CNT based composites at the nanoscale (Chunyu and Chou, 2003). In this unit cell or 
RVE approach, nanotubes with surrounding matrix and fibre material can be modelled, with properly applied 
boundary conditions to account for the effects of surrounding materials. Evaluation of effective elasticity property 
has been done for non-defective long CNTs with hexagonal RVE under an axial stretch (Liu and Chen, 2003; Joshi 
et. al., 2010).  Analytical equations based on rule of mixture are used to extract the effective material properties for 
hexagonal RVEs with CNTs under axial loading condition. The continuum mechanics approach has   also   been 
applied successfully for   simulating the mechanical responses of individual carbon nanotubes (Li and Chou, 2003; 
Joshi et. al., 2011; Wan and Delale, 2010). It is proposed that the 3D elasticity models, instead of beam or shell 
models, could be employed for modelling the CNTs embedded in a matrix, in order to ensure the accuracy and 
compatibility between the models for the CNTs, matrix and fibres. In the current work, the effects of CNT additives 
have been analyzed using RVEs concept for various combinations of matrix and fibres.  
2.   Continuum modelling approach for evaluation of elastic properties  
To derive the formulas for extracting the equivalent material constants, a homogenized elasticity model of the 
hexagonal RVE is considered. The selected RVE allows each degree of freedom of the carbon nanotubes associated 
with nanocomposite within the hexagonal RVE to be completely modelled by continuum finite element model. Also, 
this RVE allows the displacements on the boundary of the proposed continuum models to correspond exactly. 
 
The general 3D strain–stress relation relating the normal stresses (ɐ୶ǡ ɐ୷ǡ ɐ୸) and strains (Ԗ୶ǡ Ԗ୷ǡ Ԗ୸) for a 
transversely isotropic material can be written as: 
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To determine the four unknown material constants (୶ǡ ୸ǡ ɓ୸୶ǡ ɓ୶୷), four equations will be needed. The loading 
case for hexagonal RVE under an axial stretch 'ΔL' has been considered to evaluate two material constants 
(୸ǡ ɓ୸୶ሻin axial direction. The hexagonal RVE under axial load is shown in Fig. 1. 
 
Fig. 1.  Hexagonal RVE with CNT, fibre and matrix under axial load 
 
In the above case, the stress and strain components on the lateral surface are: 
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Where Δa is the change of dimension of the cross section under the stretch ΔL in the z-direction (Δa < 0, if ΔL > 
0). Integrating and averaging the 3rd equation obtained from Eq. (1), after substituting the values ofߪ௫ ൌ ߪ௬ ൌ Ͳ, on 
the plane Z=L/2 we will get 
 
                                                   .                                           (2)        
 
Where, the averaged value of stress is given by 
 
         .                    (3) 
  
 
The average value of stresses can be found out from Eq. (3). 
2.1    Numerical Formulation using RVEs 
The effective material constants of three phase CNT based nanocomposites have been evaluated for different 
volume fraction of CNT's. Hexagonal RVEs are studied with long CNTs under axial load. In all the cases, quadratic 
solid brick elements are employed for the 3D models, which offer higher accuracy in FEM stress analysis. 
 
Hexagonal RVE: A hexagonal RVE with a matrix, primary reinforcements (fibres) & CNT are constructed with 
following dimensions. 
For the matrix; length L=100 nm and side of hexagonal base =20 nm. 
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For the fibre; L=100 nm and dia=28nm 
For the CNT; length L=100 nm, outer radius r0=2.68 nm & inner radius ri=2 nm. 
The Young’s modules for the CNT (Et) is taken as 1000 nNnm2 and Poison’s ratio (ϑt) is 0.3.  
 
In order to evaluate mechanical properties of three phase composites, various combinations of matrix and fibre is 
considered. The matrix material is taken as epoxy resin and PEEK whereas the carbon fibre and glass fibre is 
considered as primary reinforcements. The mechanical properties are evaluated with CNT reinforcements for a) 
epoxy-carbon fibre b) epoxy-glass fibre c) PEEK-carbon fibre & d) PEEK-glass fibre composites. The mechanical 
properties of matrix and fibre are given below: 
 
Fibre 
Carbon fibre; Ef = 380 nN/nm2, ϑf= 0.2   Glass fibre; Ef = 76 nN/nm2, ϑf = 0.22   
Matrix 
Epoxy resin; Em = 6 nN/nm2, ϑm = 0.39   PEEK; Em = 3.6 nN/nm2, ϑm= 0.3   
 
The volume fraction of matrix and fibre is typically 32-40% & 59-63%. respectively The CNT volume fraction is 
varied from 0.5% to 5%. This is imperative to know that nanocomposites will be used in such a way that the fibre is 
oriented along the direction of load. Since the strength is greatly reduced in the lateral direction, the analysis is 
performed only for axial load.  The solid model of matrix, fibre and 1% CNT is shown in Fig. 2 (a). The meshed 
model with 3% CNT is shown in Fig. 2 (b).  
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2. (a) Solid model with 1% CNT;                                            (b) Meshed model with 3% CNT. 
 
The experimental method (Srikanth et. al., 2012) shows that functionalized CNT is initially mixed with matrix 
and dispersion is controlled by sonication followed by ball milling. Carbon fibre is added later in order to get three 
phase composite. The modelling of three phase composite is done simulating the experimental condition and volume 
fraction of matrix, primary reinforcements and CNTs is maintained. The carbon fibre is kept in central part of the 
RVE, where CNT is reinforced with the matrix. The CNT and carbon fibre is rigidly fixed with the matrix and all 
the degree of freedom at the interfaces is constrained. 
 
3. Rule of Mixture theory for three phase composite 
In a unidirectional lamina all the fibres are aligned parallel to each other. Ideally the fibres can be considered to 
be arranged on a hexagonal or square lattice. The hexagonal arrangement of fibres is shown in Fig 3.  
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 Fig. 3. Hexagonal packing of unidirectional fibres.  
 
2R is the closest centre to centre packing of the fibres. The relation between volume fraction of fibres Vf and  
fibre radius r is given by 
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The separation of fibres h for hexagonal arrangement is given by 
݄ ൌ ʹ ൤ቀ గଶ௙ξଷቁ
ଵȀଶ െ ͳ൨ ݎ  
The simplest treatment of the elastic behaviour of aligned long fibre composite is based on the promise that the 
material can be treated as if it were composed of parallel slabs of the two constituents bonded together, with relative 
thickness in proportion to the volume fractions of matrix and fibre (Hull and Clyne, 2008). Rules of Mixtures are 
mathematical expressions, which give same property of the composites in terms of the properties, quantity and 
arrangement of its elements. It indicates that the composite stiffness is simply a weighted mean between the 
modulus of two components, depending only on the volume fraction of fibres. In the present analysis the rule of 
mixture is extended for three phase composite.  
 
for a two phase composite mathematical expression for composite modulus can be written as 
 
               Ec= (1-f) Em + f Ef .                                         (4) 
 
where Em , Ef  & Ec are modulus of matrix, fibre and composite respectively and f  is the volume fraction of 
fibre. As we are evaluating the three phase composite with CNT as secondary reinforcement, Eq. (1) can also be 
extended to three phase composite with matrix, fibre and CNT. The resultant equation can be written as   
 
  Ec= (1- f1- f2) Em + f1 Ef + f2 Et .                                    (5) 
 
where Et  is modulus of CNT,  f1 is the volume fraction of fibre & f2 is the volume fraction of CNT.  
4.   Results and Discussions 
To evaluate the effective material constants of the CNT based nanocomposites, the stresses are computed for the 
axial loading condition. The FEM results are processed and Eq. (2) & Eq. (3) are applied to extract the effective 
Young’s modules for hexagonal RVEs with CNT based composites. The young's modulus has been extracted for 
rule of mixture using Eq. (5). The CNT volume fraction is varied from 0.5% to 5% and its effect on composite RVE 
has been analyzed. It has been observed that the small volume fraction of CNT resulted in large increase in modulus 
of the composites. Fig. 4 (a) shows the stress plot of epoxy-carbon fibre with 1% CNT. The sectional view of the 
stress plot with 3% CNT is shown in Fig. 4 (b). 
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Fig. 4. (a) Stress plot of epoxy-carbon fibre with 1% CNT;                (b) Stress plot of epoxy-carbon fibre with 3% CNT. 
 
The results of epoxy-carbon composite for different volume fraction are tabulated in Table 1. The Vt, Vf, Vm are 
the volume fraction of CNT, carbon fibre & epoxy respectively. Ec and Eo are the FEA value of young's modules of 
composite for different volume fraction CNT and 0% CNT respectively. E'c and E'o are the young's modules of 
composite for different volume fraction CNT and 0% CNT respectively obtained through rule of mixture. Table 2 
shows the effect of CNT reinforcement in epoxy-glass fibre composite for varying volume fractions of CNT. It can 
be seen that with 2% reinforcement of CNT results in 40% increase in elastic modulus. The result shows that CNT 
reinforcements will make remarkable difference in strength and stiffness which can be extremely useful in structural 
applications.  
 
Table 1. Computed effective material constants for              Table 2.  Computed effective material constants  
3 phase epoxy-carbon fibre-CNT composite               for  3 phase epoxy-glass fibre-CNT composite 
  
 Vt 
(%) 
Vf 
(%) 
Vm 
(%) 
FEA 
Results 
Rule of 
Mixture 
Ec/Eo E'c/E'o 
0.5 59.6 39.9 1.022 1.020 
1.0 59.9 39.1 1.052 1.048 
1.5 60.3 38.2 1.080 1.076 
2.0 60.7 37.3 1.108 1.104 
2.5 61.1 36.3 1.137 1.135 
3.0 61.4 35.3 1.162 1.160 
4.0 62.2 33.8 1.220 1.215 
5.0 63.0 32.0 1.277 1.270 
 
Srikanth et. al. (2012), studied the effect of MWCNT on epoxy-carbon composite with experiments and found 
that tensile strength is increased by approximately 9.5% with 1% MWCNT. The analytical results in Table 1 also 
show that approximately 5% increase in young's modulus with 1% addition of CNT. The variation is due to the fact 
that present study is based on CNT instead of MWCNT and the CNT orientation is taken along the axis of fibre with 
uniform distribution whereas in actual condition uniform distribution with axially aligned CNT is not possible to 
achieve. 
The effect of CNT is also evaluated on thermoplastic PEEK matrix with carbon fibre and glass fibre. Fig. 5 (a) 
shows the effect of CNT reinforcement in PEEK carbon fibre composite for varying volume fractions of CNT. Also 
analyses have been carried out to find out the effect of CNT reinforcement on PEEK matrix with glass fibre and the 
result is shown in Fig. 5 (b). In order to make comparative studies of CNT reinforcement, the results are compared 
for different composites for a particular volume fraction of CNT. The young's modulus obtained through finite 
element analysis of epoxy-carbon fibre, epoxy-glass fibre, PEEK-carbon fibre & PEEK-glass fibre is taken as EC1, 
EC2, EC3 & EC4. The young's modulus is plotted in Fig. 6 (a) for the above composite with 0.5%, 1%, 1.5% & 2% 
volume fraction of CNT. It can be seen that material constant is significantly enhance for composite EC2 & EC4. 
Similarly in Fig. 6 (b), young's modulus of all the four composites are plotted for 2.5%, 3%, 4% and 5% volume 
Vt 
(%) 
Vf 
(%) 
Vm 
(%) 
FEA 
Results 
Rule of 
Mixture 
Ec/Eo E'c/E'o 
0.5 59.6 39.9 1.068 1.064 
1.0 59.9 39.1 1.174 1.169 
1.5 60.3 38.2 1.280 1.275 
2.0 60.7 37.3 1.386 1.38 
2.5 61.1 36.3 1.492 1.488 
3.0 61.4 35.3 1.600 1.592 
4.0 62.2 33.8 1.810 1.804 
5.0 63.0 32.0 2.020 2.010 
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fraction of CNT. Again it can see that material constant for composite EC2 & EC4 is increased substantially and for 
5% CNT the modulus is increased by more than 100%.  
 
 
 
  Fig. 5. (a)  Effect of CNT reinforcement in                   (b) Effect of CNT reinforcement in  
PEEK-carbon fibre composite;                    PEEK-glass fibre composite. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 6. (a) Comparison of young's modulus on various  (b) Comparison of young's modulus on various 
composites for 0.5 to 2% volume fraction CNT;       composites for 2.5 to 5% volume fraction CNT.      
5.    Conclusions 
Polymer based composite has tremendous potential for structural application. In the recent time, carbon fibre 
based polymer composite is extensively used as load bearing reinforcements in composites. However, there is a need 
to further enhance the strength and stiffness of the two phase polymer composite. In the present work, numerical 
analysis based on continuum mechanics approach is used to investigate the effect of CNT reinforcement on a two 
phase polymer composite. The polymer matrix material is taken as epoxy and PEEK whereas carbon fibre and glass 
fibre has been considered as primary reinforcement. The volume fraction of CNT is varied from 0.5% to 5% and its 
effect on elastic modulus for different combination of matrix and fibre is studied using both finite element analysis 
and rule of mixture theory. It has been observed that low volume fraction of CNT results in large increase in elastic 
modulus. The effect of CNT reinforcement on epoxy-carbon fibre is also compared with experimental results. The 
analysis clearly indicates that CNT plays a major role in enhancing mechanical properties of polymer based 
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composite for which fabrication technique has already been established. Although the large volume fraction of CNT 
is difficult due to increasing viscosity and processing issues, three phase polymer composite with low volume 
fraction of CNT will definitely have potential to be used in aerospace, UAV’s and other structure applications.  
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